Abstract: In this paper, we consider a deformed AdS background and study effect of deformation parameter on the pair production rate of the Schwinger effect. The electrostatic potential is important for the pair production in the holographic Schwinger effect.
Introduction
An interesting non-perturbative phenomena, which is production of pair in an external electric field in quantum electrodynamics (QED) is called Schwinger effect [1] , where due to a presence of a strong electric-field, virtual electron-positron pair become real particles. This production rate can be calculated using imaginary part of Euler-Heisenberg Lagrangian [2] . It is not restricted to QED and can be used for any charged particles in a strong external field such as an electromagnetic field. Furthermore, it can lead to the creation of a neutral pair of higher dimensional objects such as string and D-branes. Potential analysis is an important stage to study Schwinger effect. In the context of QED, the potential analysis estimated by the static potential including Coulomb interaction between the particles. In addition, an energy Ex, where x is a separating distance of virtual pairs and E is an external electric field, should be taken into account. When the virtual pair get a greater energy than the rest energy from an external electric field, they become real. So, for the creation of a real pair which corresponds to the vacuum decay rate, the external field should reach to a critical value, where the vacuum becomes totally unstable. Value of the critical electric field is beyond in which the effective Euler-Heisenberg action obtains an imaginary part. In the other words, when the electric field is small, the potential barrier is present and the pair production is described as a tunneling process. the potential barrier decreases as the electric field becomes greater and at a critical value of E, the barrier vanishes and the production rate is catastrophic and is not exponentially suppressed. The critical value of the electric field is regarded as the critical behavior of UV completion of the string in string theory point of view [3, 4] . On the other hand, in QCD point of view, the vacuum decay rate for Schwinger effect is related to the quark antiquark pair creation in the presence of a strong field. Recently, AdS/CFT correspondence used to study Schwinger effect. AdS/CFT correspondence, which is relation between a d-dimensional conformal field theory (CFT) and a (d + 1)-dimensional string theory in anti-de Sitter (AdS) space, is a powerful mathematical tools to investigate about strongly correlated systems [5] [6] [7] [8] . The role of an extra dimension in the AdS side may be understood using the energy scale of the CFT side on the boundary. AdS/CFT correspondence already used with success to study properties of quark-gluon plasma (QGP) [9] [10] [11] [12] [13] [14] . It leads to an analytic semi-classical model for strongly coupled QCD. It has scale invariance, dimensional counting at short distances and color confinement at large distances. This theory describes the phenomenology of hadronic properties and demonstrates their ability to incorporate such essential properties of QCD as a confinement and a chiral symmetry breaking. From the AdS/CFT point of view the AdS 5 plays an important role in describing QCD phenomena so it called AdS/QCD [15] [16] [17] [18] [19] . Since one may consider a quark-antiquark pair creation as well as the electron-positron pair, many works have been done about Schwinger effect in a holographic setup related to quarkantiquark pair. The creation rate of the quark pair in N = 4 SYM theory was obtained in [20] and based on them, the holographic Schwinger effect were calculated in various systems [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . Also the vacuum decay rate is regarded as the creation rate of the quark-antiquark in N = 2 SQCD [32] . In the Ref. [33] electrostatic potentials in the holographic Schwinger effect has been analyzed for the finite-temperature and temperature-dependent criticalfield cases to find agreement with the DBI result. In the Ref. [34] tunneling pair creation of W-Bosons by an external electric field on the Coulomb branch of N=4 supersymmetric Yang-Mills theory has been studied and found that the pair creation formula has an upper critical electric field beyond which the process is no longer exponentially suppressed. We obtain such result in our work with the deformed AdS background. As we know from the SYM theory, the supersymmetry and conformal symmetry are broken at finite temperature which made some problem to test predictions based on the AdS/CFT correspondence. The best way is the construction of dual gravity where the conformal symmetry is not broken, and it is possible with deformation of the AdS space [35] . In that case there are several way to deform AdS space in agreement with experimental data and lattice QCD results [36] [37] [38] [39] . Deformation parameter of AdS space may related to the electromagnetic field, on the other hand electromagnetic field may related to non-commutative space [40] so it is completely reasonable that any modification in the space related to the electrostatic potential. In the recent work [41] the supersymmetric Yang-Mills theory considered to study instability (related to the Schwinger effect) caused by the external electric field through the imaginary part of the action of the D7 probe brane embedded in the background of type IIB theory. It is clear that there is almost 30 percent deviation from both the string world-sheet result and the DBI result. In [33] this deviation having been reconsidered from the viewpoint of the potential analysis. Therefore, any modification of background may affect experimental results, hence in this paper we would like to consider deformed AdS metric to study the effect of deformation parameter in the potential and critical field. It will be useful to study holographic Schwinger effect and test of AdS/QCD. In that case one can start from an effective field theory somehow motivated by string theory and try to fit with QCD. In the Ref. [38] , from QCD analysis of two current correlators a quadratic correction is exist. On the other hand from AdS/QCD correspondence, it has been tried to find a string description of strong interactions to address the issue of the quadratic correction within the simplified model [42, 43] and finally the basic framework was set by considering a metric background which behaves asymptotically as AdS 5 × X, where X is some five dimensional compact space. By giving the metric background in [39] , they attempt to calculate the heavy quark potential. Also, the results of modeling the temperature dependence of the spatial string tension and thermal phase transition in a five-dimensional framework have been studied by the Ref. [44] . The effects of deformation parameter on thermal width of moving quarkonia in plasma has been studied by the recent work [45] . This paper is organized as follows. In the next section we give brief review of Schwinger effect, then in sections 3 and 4 give potential analysis of zero and finite temperature case respectively. Finally in section 5 we give conclusion and summary of results together outlook of future works.
Schwinger effect
The pair production rate in an external electric field E with weak coupling calculated by Schwinger as follow [1] ,
In this case, there is no critical field trivially. This extended to the arbitrary coupling as [46] ,
2)
The production rate of the fundamental particle becomes related to the critical field as [34] ,
where m is mass and λ is 't Hooft coupling. One can check that the equation (2.3) is in agreement with DBI result. On the other hand, from the AdS/CFT point of view and using the Coulomb potential, the critical field has been obtained as [47, 48] ,
In order to study Schwinger effect using the AdS/CFT correspondence, the setup is to put a probe D3-brane at an intermediate position z = z 0 rather than close to the boundary [34] . Hence, the mass becomes finite and we have,
where g ab is the induced metric on the string world-sheet. Therefore, the mass is given by, 6) where T F = 1 2πα ′ is the string tension. In the next sections we will study Schwinger effect in a deformed AdS background by discuss about the potential.
Deformed AdS at zero temperature
First of all, we consider deformed AdS background at zero temperature and investigate the effect of deformation parameter on the sum of Coulomb potential (CP) and static energy (SE) denoted by V CP +SE . We do that by calculation of mass given by deformed AdS metric. In that case, using the critical electric field we will find total potential. We begin with the deformed AdS metric given by [39] ,
where R is radius of space which is related to the sloe parameter and coupling via, R 2 = α ′ √ λ, with α ′ = l 2 s where l s is the string scale. Moreover dΩ 2 5 is metric of five-dimensional sphere. We should note that the signature of η µν will use to evaluate the potential. In the former case, Euclidean signature η µν = (1, 1, 1, 1) is used, while in the DBI action, the Lorentzian signature η µν = (−1, 1, 1, 1) is considered to escape from transformation of the electric field to the magnetic field in the case of Wick-rotation. The quark antiquark potential can obtain using the expectation value of the Wilson loop. The loop is corresponds to a trajectory of test particles with infinite heavy mass, and the expectation value is corresponds to the area of a string world-sheet attached to the Wilson loop [47, 48] . In order to study Schwinger effect, we should extend relation (2.5) to the case including deformation parameter, so we have
Therefore, using the equation (2.6) one can obtain the following mass,
3)
It is clear that the mass increases with increasing c, but it should notice that this expression does not make difficulties with divergent mass, because the deformation parameter has an upper limit phenomenologically [38, 39, 44] and then the mass does not diverge even if one considers heavy particles. At the next step, we will compute the V CP +SE and discuss the critical electric field. Now, we use AdS/CFT to study Coulomb potential plus static energy. In that case we should consider the area of rectangular Wilson loop on the probe D3-brane, and evaluate the classical action of a string attached to the probe D3-brane. We follow the circular Wilsonloop analysis of the Ref. [34] , but with the deformed AdS background. The Nambo-Goto string action is given by,
where
is the induced metric and σ a = (τ, σ) are world-sheet coordinates. It is useful to choose the static gauge, x 0 = τ , and x 1 = σ. So, the radial direction z(σ) depends only on σ in classical solution. Therefore, the Lagrangian is,
So, from the equation of motion, one can find,
where C is an arbitrary constant, and this yields to the following relation,
again, C is an arbitrary constant. The important boundary condition at σ = 0, imposes,
where z * is the turning point, which means the deepest position of the string in the bulk. Therefore, we yield to the following differential equation,
By using the change of variables y = z * z and a = z 0 z * , in the equation (3.10) one can obtain the separation length of the test particles on the probe brane as,
In the case of c = 0, the separation length obtained in terms of Gamma and hypergeometric functions [33] . In presence of modification parameter, it is hard to obtain analytical expression of the above integral, so we give numerical analysis and draw x. Fig. 1 illustrates the distance x with respect to a at zero temperature overall with contribution of the deformation parameter. The parameter a shows the position of the tip of the string. In the case of c = 0, we can see x decreases with increasing a, the branch with smaller values of a means the region close to the horizon and describes another configuration of the string world-sheet, a pair of straight lines as discussed in [49] . So, the larger values of a has been taken for the present analysis. When the deformation parameter contributes, the behavior of x changes significantly. On one hand, the region close to the horizon, having been mentioned above, corresponds to the more values of a in comparison with the case c = 0. Therefore with increasing deformation parameter, the change in the configuration of string world-sheet takes place further from the horizon. On the other hand, with contribution of c, the distance x increases with increasing a at the first step till it attains a maximum value, then it descends. In any deformed AdS space, there is a unique position where the separation length of the test particles is maximum. The maximum value of the a decreases with increasing c. It can be interpreted as a larger value of the deformation parameter, leads to a smaller value of separation length of the test particles on the probe. In addition, there is a degeneracy between the distance x and the the auxiliary parameter a at nonzero values of c, while at c = 0 a single value of x corresponds to a unique value of a. Another important result is presence of maximum value of separation length, which has finite value for c = 0, while infinite value for c = 0 corresponds to a = 0. Therefore, it seems presence of modification parameter is crucial at zero temperature to avoid divergency of separation length. Now, the sum of the Coulomb potential and static energy will be obtained through (3.6), (3.10) and (3.11) as,
In the case of c = 0 one can obtain analytical expression of integral in the equation (3.12) and find V CP +SE in terms of Gamma and hypergeometric functions [33] . In presence of deformation parameter (c = 0) we need numerical analysis to find behavior of potential. In that case, Fig. 2 shows V CP +SE versus x. At c = 0, potential behaves exponentially at short distances and then it is changed to a monotonous manner. In presence of the deformation parameter, there is no difference between variable graphs with various c at very short distances. It means that deformed AdS behaves as ordinary AdS at short distance. On the other hand, the presence of deformation parameter leads to the existence of a maximum value of the potential where an increase in value of c leads to a greater maximum of V CP +SE in a shorter range of distance while there is no electric field yet, but the sum of the static and coulomb energy of the test particles in a deformed AdS have different values at different positions (contrary to c = 0 case). Generally, the effect of the deformation parameter is increasing maximum of the potential. As before we see maximum distance in presence of modification parameter. Before studying the total potential, it should be mentioned that electric field can be used as a fraction of critical electric field E cr in our following calculations, to do this, we need to find an expression for E cr according to the metric background of deformed AdS. According to the Ref. [50] , one can see that when there is no magnetic field, the critical electric field is given by, 13) then the result in zero temperature case is,
Now, we define a dimensionless value α which depends on E cr when the deformation parameter has exact value of zero as,
At the next step, the electrostatic potential associated with electric field given by (3.11), (3.12) and (3.15) as [33] , Fig. 6 indicate the behavior of V tot with respect to x, where one can see the effects of deformation parameter is increasing value of potential at a specified x. Furthermore, potential ascends with larger gradient when c has more values. α = 1 has been defined as follows, electric field has it's critical value and deformation parameter is equal to zero. Therefore, the potential barrier at c = 0 vanishes for α ≥ 1. It is interesting that for nonzero values of c the potential barrier does not vanish in this manner. We can compare four potential barriers. The potential barrier vanishes for α = 1 at zero value of the deformation parameter. So if electric field has it's critical value at AdS (c = 0), the pair production process or instability of the vacuum changes phenomenologically after the contribution of deformation parameter, since there is tunneling process at any deformed AdS. As the electric field is smaller than it's critical value, there is a potential barrier which decreases with increasing electric field and increases with increasing deformation parameter. It can be interpreted as the opposed behavior of pair production process in presence of electric field and deformation parameter. Surprisingly, we find that deformation of AdS metric plays role of decreasing electric field at zero temperature. 
Deformed AdS at finite temperature
In this section we will discuss the effects of deformation parameter at finite temperature. In order to study potential and separation length we use the following deformed AdS metric [44] ,
The horizon is located at z = z h where z h < z * < z 0 , and the temperature of the black hole written as, T = 1 πz h , so zero temperature limit z h → ∞ and f (z) → 1 is discussed by previous section. The DBI action of a probe D3-brane on the deformed background (4.1) considered as a classical action including an electric field written as follows,
where the tension of D3-brane is given by [38] ,
It is clear that when the value of the electric field becomes more than the critical electric field, the DBI action is not well-defined. In another words, the vacuum becomes totally unstable as we explained before. The value of E cr at the finite temperature is given by,
which depends on deformation parameter in addition to temperature. At the next step, we derive an expression for the mass of the fundamental matter to see the effect of deformation parameter on mass addition to critical electric field. The induced metric of the string world-sheet is given by the equation (3.2), which leads to, Therefore with (2.6), (4.6) and (4.7), the following relation should be satisfied,
Proceeding by the following definitions,
(4.5) and (4.8) can be written as, So, in the presence of deformation parameter, the behavior of the critical electric field can be studied with respect to ∆m. Here, we can see new parameter b which vanishes at zero temperature (z h → ∞).
We can see that, both temperature and deformation parameter affects critical electric field. Fig. 7 shows behavior of E cr against b at some values of c. It has been shown that from zero temperature to finite temperature, with increasing c and b, the value of critical electric field increases and decreases respectively. Moreover, the differences between graghs with various deformation parameters are diminished till b reaches to unit. Then all graphs with different c are coincident at large enough temperature. At lower temperatures, more deformation of AdS leads to the more value of critical electric field. Therefore, the pair production process, where vacuum becomes totally unstable, needs more strong electric field. The critical electric field increases linearly with respect to ∆m as illustrated by the Fig. 8 . The affection of temperature and deformation parameter have been mentioned in (4.10) and (4.11), but it is interesting that the presence of deformation parameter does not change the linear behavior of graphs and just increases gradient of them. On the other hand, for a given particles mass and with a deformed AdS background, the electric field which leads to a pair production is higher than for an AdS with c = 0. It is worth noting a larger deformation parameter leads to the contribution of a larger critical electric field in the pair production process. Similar to the zero temperature case, the analysis of the potential will be proceeded. The induced metric has been changed, but the approach is as the previous section. According to the equation (3.4) the Lagrangian can be written as,
By using the equation of motion, one can find,
which yields to the following differential equation,
).
(4.14)
The distance x between the particles is obtained from integration of (4.14) as follow,
where we used definitions of (4.9). b=0.5 Figure 9 . The distance x versus a for nonzero value of b (finite temperature). Fig. 9 represents the behavior of the distance x with respect to a for b = 0.5. It is comparable with the Fig. 1 for b = 0 and show effect of finite temperature. So, it can be interpreted as thermal case, the behavior of x is completely different and it has a maximum value. In presence of the deformation parameter, the value of maximum increases, or the distance of quark and antiquark increases in the presence of deformation parameter. On the other hand, at zero temperature the contribution of nonzero deformation parameter leads to a degeneracy between x and a, while at finite temperature there is degeneracy at any value of c. So here, nonzero value of c or T have similar results phenomenologically. Now, the sum of the Coulomb potential and static energy will be obtained from (4.12), (4.14) and (4.15) as,
dy.
(4.16)
Again, we need numerical analysis to obtain behavior of potential. Fig. 10 shows the behavior of V CP +SE with respect to the distance in thermal case. It is clear that the distance increases with increasing potential and when deformation parameter contributes, the maximum value of the distance grows significantly. It is comparable with the Fig. 2 related to the zero temperature. For the given distance, the potential of the test particles grows under effect of deformation parameter, also the maximum value of V CP +SE increases. So, the nonzero value of T or c can lead to similar effects. Again, according to the definition of α given by the equation (3.15) and with the following relation,
the total potential is given by (4.15) and (4.16) as,
dy. Fig. 6 and show the effect of temperature. At the finite temperature the total potential does not have any potential barrier at deformed AdS. It is a strange result while the system with c = 0 is decaying for background electric field with any value. It can be interpreted that in a deformed AdS at a high enough temperature, any value of electric field can lead to a pair production with no potential barrier. In other words, there is a relation between c, T and E. When both temperature and deformation parameter are nonzero and at least one of them has a large enough value, then any value of electric field can be interpreted as critical value of electric field. 5 Pair production rate Fig. 15 shows behavior of pair production rate with respect to α. We show that increasing α corresponds to increasing electric field. It is clear that Γ behaves exponentially with α, but the intensity of pair production decreases with increasing deformation parameter. So, contribution of deformation parameter at some specified electric field, leads to delay in beginning of pair production process and decrease in pair production rate. Figs. 16 and 17 show behavior of pair production rate against increasing temperature, for large and small values of electric field respectively. One can see the phenomenological behavior of them which are wholly different in two cases. For small values of α there is no serious difference between deformed AdS space and ordinary AdS space in pair production process. In both cases it depends on high temperature but at deformed AdS space the process confront more resistance. In the case of high enough temperature (near horizon), the pair production rate increased drammaticaly. This is comparable with large values of α or large values of electric field in which pair production rate is wholly considerable even in low temperature and again deformation parameter can interpreted as an opposed factor for pair production. One can see that there is a point of temperature thereafter, production rate falls. In AdS space it falls exponentially but when deformation parameter contributes, one can see an interesting extremity in pair production which thereafter it falls.
Conclusion
The purpose of the current study was to determine the effects of deformation parameter of AdS space on electrostatic potentials of a quark-antiquark pair in the Schwinger effect. Critical electric field which corresponds to the instability of vacuum also has been considered in the presence of deformation parameter. We proceeded with the approach of [33] , where the analysis has been done by evaluating the classical action of a string solution attached to a probe D3-brane sitting at an intermediate position in the bulk. As the deformation parameter of the metric background has been contributed in the process and deformed the AdS space, remarkable changes to the results of the previous works with c = 0 were found. We have performed numerical calculations in both zero and finite tem-perature cases to achieve the acceptable results. In zero temperature case, we have seen the distance x has maximum value when deformation parameter contributed. In addition, there is a degeneracy between the distance x and the auxiliary parameter a at nonzero value of c. Also, the V CP +SE against x would have a maximum value in the presence of c, where a greater value of c, leads to a greater maximum of potential in a shorter range of distance. But in consideration of the total potential, we have seen reverse behavior of the pair production process in the presence of electric field or deformation parameter since to deform an AdS and to strength electric field have opposed effects. At finite temperature, our results showed that critical electric field decreases with increasing temperature and increases with increasing deformation parameter. In addition, the critical electric field has a linear increase as a function of ∆m, which is the difference between thermal and non-thermal mass of the string. So, with nonzero value of deformation parameter, the behavior of critical electric field as a function of ∆m has no change, except that functions with a greater value of c changes with a stronger gradient. Moreover, there are degeneracies between x and a at any value of deformation parameter (zero or nonzero), therefore nonzero values of c or T have similar results phenomenologically. In spite of zero temperature in c = 0 case, at finite temperature the distance x has a maximum value which grows with c. When we studied Coulomb potential against x, we saw graphs of total potentials with different values of deformation parameter are coincident except at very small distances. Also, any value of electric field, can lead to a pair production with no potential barrier according to a relation between c, T and E. In this manner, when both temperature and deformation parameter are nonzero and at least one of them has a large enough value, then any value of electric field can be interpreted as the critical value of electric field which leads to a catastrophic pair production thereafter. All our above-mentioned results have been given in the presence of an external electric field. Thus, contribution of c in the presence of magnetic field can be an interesting case of study, which left as future work. Finally, it may be interesting to study Schwinger effect and potential analysis for the hyperscaling violated background [51] [52] [53] [54] [55] .
